Abstract The drag force acting on an intruder in a three-dimensional frictionless granular environment is numerically studied. It is found that (i) there is no yield force for the motion of the intruder without the gravity, (ii) the drag force can be scaled by the effective cross section of the moving intruder except for very dense situations near the jamming point, (iii) the drag force is proportional to the moving speed V of the intruder for dense systems, but it has a crossover from the force proportional to V 2 to V if the system is away from the jamming point, and (iv) if the intruder is identical to the environmental grains, there is a plateau where the drag force is almost independent of V near the jamming point.
Introduction
Dense granular materials behave as solid-like if the density is above the jamming point, while they behave as liquid-like if the density is lower than the jamming point [1, 2] . It is known that the jamming transition of frictionless granular grains is a mixed transition in which the coordination number is discontinuously changed from zero to finite at the jamming point in the hard core limit, while the stress is continuously changed at the jamming point [3] . It is also known that the continuous transition of the stress satisfies a critical scaling which is similar to the critical phenomena in the second order phase transition [4, 5, 6, 7, 8] .
So far, the most of the studies on the jamming discuss homogeneous compressions or uniformly sheared states of grains. There is another simple setup to characterize the rheological response of dense granular materials, i. e. the drag force acting on an intruder in a granular environment. It is easy to control the drag force on the intruder, which is an advantage to study this setup. Indeed, for instance, the sheared granular systems are always suffered from shear bands and nonuniformity which prevents the system from idealistic situations as assumed in theoretical studies.
There are many studies to characterize the drag force acting on a moving intruder in a granular environment [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] . Recent experiments in quasi two-dimensional systems [21, 22] clarified that the drag force can be written as the sum of the yield force which is independent of the drag speed and the dynamic term proportional to V 2 where V is the moving speed of the intruder [12, 13, 23] . They also demonstrated that the behavior near the jamming point is like that for sheared grains, though the exponents for divergences of the yield force and the drag coefficient in front of V 2 are much smaller than those for sheared jamming. Takada and Hayakawa numerically studied the drag force under the corresponding geometry in Refs. [21, 22] to reproduce the results of Ref. [22] and found that the yield force exists only if there exists the friction between the intruder and the bottom plate [23] . On the other hand, the dynamical drag term is proportional to the effective cross section of the moving intruder, where some simple collision models can partly explain the dynamical drag term [12, 13] . The drag law in granular environment seems to be dif-ferent from that for the Stokesian drag law in viscous fluids which is proportional to V and the diameter of the intruder.
We little know on the drag force acting on an intruder in three-dimensional granular environments. Contrast to two-dimensional cases, the motion of the intruder is strongly affected by the gravity. In such a system, the drag force seems to consist of the yield force and the dynamical term which is proportional to the moving speed V [17] . To observe a nonlinear contribution of V on the dynamical drag force we may need a large driving force or a high moving speed [24] . On the other hand, an experiment on a moving cylinder in a three-dimensional granular media under the TaylorCouette configuration suggests that the drag force F drag is described by a logarithmic function of the moving speed as F drag − F c ∼ F c ln(V /V 0 ) where F c and V 0 are the characteristic force and speed, respectively [15, 16, 25] . This logarithmic law is completely different from the conventional drag law which can be described by an algebraic function of V . To remove such confusions, we have to analyze simple and idealistic situations.
The goal of this paper is to clarify the followings; (i) the origin of the yield force, (ii) the distinction of the linear drag term proportional to V from the nonlinear drag term proportional to V 2 and (iii) the condition for the appearance of the logarithmic term observed in Ref. [16] . For this purpose, we adopt an idealistic model in which the grains are frictionless and the effect of gravity is absent. Namely, we can control densities which are the the distance from the jamming point. Note that the control of the density of the system is impossible if the gravity exists. Even in the absence of the gravity, there are many metastable states depending on the protocol if the mutual friction between grains exists. As will be explained in the next section, we control the driving force acting on the intruder and examine some diameters of the intruders in several densities of surrounding grains.
The organization of this paper is as follows: In the next section, we briefly explain the setup of our model. Section 3 is the main part of this paper, where we present our numerical results on the drag force acting on the intruder for various densities and diameters. In section 4, we discuss and summarize our results.
Setup
In this section, we explain the setup of our molecular dynamics simulation. The environmental grains consisting of monodisperse frictionless grains (mass m and diameter d for each grain) are confined in a cylinder with the radius R = 7.5d and the length L x = 60d for D ≤ 5d, while R = 15d and L x = 120d for D = 10d, where D is the diameter of the intruder. The intruder is located in the center of the system in the beginning of our simulation and is pulled in positive x−direction after we start the simulation. We examine several volume fractions ϕ of the surrounding particles of the systems ranged from ϕ = 0.600 to 0.635, where ϕ is defined by
} with the number of surrounding particles N . The numbers of surrounding grains for various D/d and ϕ are listed in Table  1 . We assume that the grains are at rest in the beginning of our simulation. Thus, we do not simulate the motion of intruder for low density ϕ < 0.60 which is unreachable in realistic situations.
The equation of motion of i−th grain (the intruder or a surrounding grain) located at r i and its accelerationr i is given by
where the intruder (i = 0) has the mass m 0 = (D/d) 3 m, each surrounding grain for i ≥ 1 has the identical mass m i = m, and e x is the unit vector parallel to x−direction. Note that the external force F ex acting only on the intruder is reduced to the drag force F drag in steady states. The interaction force contains the summation N j=0,j =i for all j except for j = i and the explicit form of f ij is given by f ij = Θ(d ij − r ij ){k(d ij − r ij )r ij − ζ(v ij ·r ij )r ij } with Heaviside's step function Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 otherwise. Here we have introduced r ij = r i − r j , r ij = |r ij |,r ij = r ij /r ij ,
For simplicity, we adopt the linear spring model with the spring constant k instead of the realistic Hertzian contact model for f ij . We adopt ζ = 0.10 √ mk for the viscous constant corresponding to the restitution constant e = 0.8 in the most of the simulations. We control the external force F ex and measure a steady value of the velocity of the intruder V . Because the instantaneous moving speed fluctuates, we use its time-averaged value for V in the steady state. Hereafter, all quantities with the superscript * represents the dimensionless quantities with the aid of m, d, and k. We adopt the time step ∆t * = 1.0 × 10 −3 in most of our simulations. We have confirmed that the results are unchanged when we change the value of the time step.
Numerical Results
In this section, we present our numerical results. First, we show a typical snapshot of our system, where the force chains exist around the intruder (Fig. 1) . Overall, our results do not have any yield force, which is consistent with the result of the two-dimensional simulation [23] . This suggests that the yield force observed in the previous studies [17, 24] is the result of the gravity or the frictional force between the grains and the boundary 1 . Second, we present the drag force against V * for ϕ = 0.60 and 0.62 in the cases of D * = 1, 3 and 5 (Fig. 2) . The results strongly depend on ϕ, where the drag force is proportional to V in the whole range of V for ϕ = 0.62 while the drag force exhibits the crossover from the region proportional to V 2 to that proportional to V for ϕ = 0.60. It is remarkable that the scaled drag force by the effective cross section π(D + d) 2 for each ϕ is independent of D.
If the system is dense enough (ϕ = 0.635) near the jamming point, the behavior of the drag force differs from those for ϕ = 0.600 and 0.620. The quadratic dependence for low density can be understood by a simple collision model [12] . Because the momentum change 1 We have confirmed that the yield force becomes finite once we have introduced the mutual frictional force between grains under the bumpy boundary condition. Therefore, the mutual friction is more important than the gravity for the yield force. of the x-direction for each collision is ∆p x = (1 + e)m r V cos 2 θ with the reduced mass m r ≡ M m/(M + m) and the polar angle θ between the connecting two centers of the masses for contacting grains and the pulling direction (x-direction), and the volume of the collision cylinder per unit time is
2 V , the force acting on the intruder is given by
Equation (2) recovers the results of our simulation in the quadratic regime for ϕ = 0.600 as shown in Fig. 2 without any fitting parameters.
As can be seen in Fig. 3 , there is no regime that the drag force is proportional to V 2 for ϕ = 0.635 as in the case of ϕ = 0.60. It is interesting that the drag force strongly depends on D * in this case. Indeed, there is a In the plateau regime, the motion of the intruder is intermittent (Fig, 4 for the time evolutions of the position and the velocity of the intruder for D * = 1), where the motion of the intruder can be described by a stick-slip motion. This suggests that the motion in this regime is governed by fluctuating hopping processes. Indeed, the value of the plateau of the drag force is almost equal to F c := contact kδ cos θ , where · · · and δ are the ensemble average and the overlap δ ≡ d ij − r ij , respectively. We also stress that the drag force in the plateau can be fitted by a logarithmic function of V as F * drag = a + b ln(cV * ) with a = 0.021, b = 0.0020, and c = 0.80, which is consistent with the observations in Refs. [15, 16, 25] (Fig. 3) . Figure 5 exhibits the displacement distributions in the case of D * = 1 for several F * ex . The displacement distribution P (∆x) obeys a Gaussian for low F ex . Although there exists finite skewness in P (∆x), the kurtosis seems to be small for large F ex (Fig. 6(b) ). Note that the skewness and kurtosis are defined by µ 3 ≡ κ 3 /κ 3/2 2 − 3 and µ 4 ≡ κ 4 /κ 2 2 with the n-th moment κ n ≡ (∆x − ∆x ) n , where ∆x is the ensemble average of ∆x. Therefore, the motions of the intruder for these regimes are almost determined by the force balance, where the fluctuations are not important. On the other hand, P (∆x) in the plateau regime is quite characteristic, where there exists a singular peak and the skewness and the kurtosis are quite large. This result also supports that the motion of the intruder is governed by the fluctuations (see Fig. 6 ). Let us summarize the observed drag force in our simulation: 
Note that the constant drag force in Eq. (3) can be fitted by a logarithmic function as shown in Fig. 3 , which is consistent with those observed in Refs. [15, 16, 25] . We, thus, believe that our simulation gives the proper answer for the original questions listed in the introduction on various force laws observed in previous studies.
Discussion and Conclusion
It is reasonable that the drag force is proportional to V 2 in granular systems, because the force is proportional to (time) −2 while d/V is only the time scale in the hard core limit. Therefore, the drag force proportional to V should be scaled by a contact force which has time scales m/k and m/ζ. As long as we have checked, the drag force is independent of k or ∆t * , while the result strongly depends on ζ. Therefore, we conclude that the drag force proportional to V is dominated by ζ (see Fig. 7 ). This result also suggests that the drag force is proportional to the combination of V and V ζ ≡ ζd/{m(1 − e 2 )} as
which is the origin of the linear regime in Figs. 2 and  3 . In summary, we have performed the molecular dynamics simulations for the motion of an intruder in three-dimensional frictionless granular environments to clarify the drag force acting on the intruder. There is no yield force in our setup. We have found that the drag forces are proportional to the cross section for ϕ = 0.60 and 0.62. The drag force exhibits a crossover from the regime proportional to V 2 to that proportional to V for ϕ = 0.60, while the drag force is always proportional to V for ϕ = 0.62. There exists a plateau which is consistent with the logarithmic law observed in Ref. [16] for D * = 1 and ϕ = 0.635. In the plateau regime, the motion of the intruder is intermittent and is governed by the fluctuations.
In this paper, we have only presented the results of our simulation without any theoretical analysis. The theoretical analysis will be necessary to understand the behavior of the drag force presented here in near future.
To clarify the role of the mutual friction force between contacted grains is also important. Indeed, sheared frictional granular materials show some exotic phenomena such as the discontinuous shear thickening, the shear jamming as well as the existence of the fragile phase [26, 27, 28] . Therefore, we expect that the motion of intruder in a frictional granular environment also becomes exotic. To clarify the origin of the yield force, whether the gravity or the mutual friction, will be an important issue to be solved in near future.
